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Abstract--A projectile which uses a bang-bang type guidance law is hunched and its goal is to hit 
a fixed target whose center is located on the ground. In [1], applying stochastic ontrol methods the 
performance of the projectile is investigated by using a point-mass model. In this work, which is a 
sequel to [1], a semirigid body model is used for the projectile and its performance is investigated by 
nalng stochastic ontrol methods. 
1. INTRODUCTION 
In [1], the problem of guidance of a projectile which uses a wind stabilized seeker is discussed via 
a point-mass model. The concept of a wind stabilized seeker makes use of a seeker mounted on 
a "sting" which protrudes from the front of the projectile. The seeker is mounted on a universal 
joint and has a housing which is aerodynamically shaped so that it will align itself with the relative 
wind vector. The seeker sightline is therefore aligned with the projectile flight path, irrespective 
of airframe attitude. The seeker can then measure the error angle between the seeker's flight 
path and the seeker-to-target line-of-sight. By using the seeker's outputs to control the flight 
surfaces on the projectile airframe, the guidance loop tries to zero this error angle. In this work, 
which is a sequel to [1], the problem of guidance of the above-mentioned projectile is discussed 
via a semi rigid body model. However, while the performance of the point-mass model was 
evaluated by computing the probability of hitting a target set (see [1]), the performance index 
in this work is the expected value of a function of the miss-distance. Hence, one can not make 
direct comparison between the results obtained in [1] and those obtained here. Nevertheless, this 
situation is rectified in a follow up paper, which discusses the performance of the point-mass 
model of the above-mentioned projectile and which uses the same performance index as the one 
used here. 
In this paper, using stochastic ontrol methods, two guidance laws are considered. The first 
one is an optimal guidance law and the second one is a simple bang-bang type guidance law. 
However, although these two laws are bang-bang feedback laws, only the second one can be 
implemented on the above-mentioned projectile, and the study of the first law is done for the 
sake of the evaluation of the performance of the projectile acting under the second guidance law. 
2. THE EQUATIONS OF MOTION 
Consider the motion of a projectile P in the (x,z)-plane. It is assumed here that the equations 
of motion of P are given by 
dx 
- -  = v cos 7, (1) 
dt 
dz 
= v sin 7, (2) 
dt 
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d 7 1 L 
-~ = ~(m - g cos 7), (3) 
dv D 
g sin 7, (4) 
dt m 
dq _ MB (5) 
dt J ' 
da d7 
dt - q dr' (6) 
where (z, z) denotes the coordinates of the projectile P, v its speed, 7 its flight path angle, q its 
(body) pitch angular rate, a its angle of attack, L the lift force acting on P, D the drag force 
acting on P, m is P~s mass, MB is its pitching moment and J is the airframe moment of inertia 
around the body pitch axis. It is assumed here that 
L = 0.5p(z)v2S(CL°a + Ct,,6), 
D = 0.5p(z)v2S(CDo + K C~oa ~) 
(7) 
(8) 
and 
MB = 0.5p(z)vg-SXref(Cmaot + Cm66) + 0.25p(z)vSX~,fCmqq, (9) 
where p(z) denotes the air density, S an appropriate reference area, Xref an appropriate length 
reference, and Cry,,, C£6, CDO, K, Cma, Cm6, and Cmq are given aerodynamical coefficients. It 
is assumed here that 6, the control surface deflection angle, is the control function. 
In the real system, the purpose of the wind stabilized seeker platform is to keep the seeker's 
sightline aligned with the velocity vector. The wind stabilized seeker platform is coupled to the 
airframe by a universal joint, which allows the platform to align itself with the relative wind 
vector but not to rotate relative to the airframe roll axis. In the model used here, the kinematical 
and dynamical effects of the motion of the seeker's platform are incorporated as Gaussian white 
noise perturbations in P's equations of motion. Hence, using the notation xx := z, z2 := z, 
x3 := 7, z4 := v, zs := q, x6 := a and Q(z2, z4) := 0.5p(z)v2S, Equations (1)-(9) yield 
dzl dW1 
dt =z4c°sz3+al  ar t , 
dz2 dW2 
dt = z4 sin zz + a2 dt ' 
- - -  [¢¢t=2, =4) m - g cos xsj + as dt ' d~ - z4  
dz4 Q(z2,z4)(CDO + KC2 x26) dW4 
dt = m -gs in  x3+a4 dr'"' 
dx5 1[  0.5Q(x2, z4)X~fCmqxS] 
dt = ~ Q(z2, x4)X~(Cmax6 + Cm66) + ~4 J 
dz6 1 [Q(X2, X4)(CLo X6 + CL.6) ] dW6 
dt =zs -~ -gcosz3  +a6 dt ' X4 
dW5 
+as  ~ , 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
t > 0, where W = {W(t)  = (wl(t), W2(t), Ws(t), w4(t), Ws(t), w6(t)) ,  t > 0} is an 
Re-valued standard Wiener process, and ai, i = 1 , . . . ,6 ,  are given numbers satisfying 
0 < o'i ~ vt, i = 1, 2, 4, and 0 < a~ << ,r, j = 3, 5, 6. The parameter Vl is defined 
below. 
It is assumed here that the projectile P can manoeuvre as long as vt < v < v2, where vl 
and v2, vl < v~, are given positive numbers, and that it has a detection range of radius R0. 
Also, it is assumed that the motion of P is confined by the following constraints: 0 < z < Ho, 
-a ' /2 < 7 -< 70, Iq[ -< q0, [a] < a0, where H0, 70, q0, and a0 are given positive numbers. 
The projectile P is launched and its goal is to hit a fixed target set whose center is located 
at (Ro, zD), where zv > 0 is a small enough number. At some stage of the projectile's flight, 
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denoted here by t = 0, the seeker begins to operate and the goal of the control function 6 is to 
steer the projectile towards a target set T, 
T = {(z ,z ) :  ( z -  Ro) 2 + (z -  zD) 2 _< rg, z > 0},  (16) 
in such a manner that none of the above-mentioned constrained will be violated. Here ro is a 
given positive number. 
3. FORMULATION OF THE PROBLEM 
In the sequel, the following set of stochastic differential equations will serve as the model for 
the motion of P: 
dzl =/(x )  z4 cosz3 dt ÷ CrldWl , t > 0, (17) 
dx2 =/ (x )  x4 sin za dt Jr o'2dW2, g > 0, (18) 
dzs = I(x)z~l [ Q(z''z4)(CL° x6 Jr CL' 6(x)) ] m -gcosz3 dtjrer3dW3, t>0,  (19) 
dx4 I(x) [Q(z"z4)(CD--°m+ KC~°*~) ] =-  ' - -  +gsinzs attjro'4dW4, t~>0, (20) 
dz5 -- I(x) J-tQ(z2, z4) 
X Xref[Cmaz6 Jr Cm66(x) Jr 0.bXrefCmgzbx~l]dt Jr a6dW~, t > 0, (21) 
+ a6 dW6, t > O. (22) 
The function I is introduced here to guarantee the existence of solutions to Equations (17)-(22) 
over the whole of R e. In fact, we are interested in these solutions only over the closure/30 of Do, 
where 
Do:= {x:  -e<z l<Ro,  0<x2<Ho,  -e -~<zs<70+e,  and 
(23) 
~x < ~4 < ~2, Iz~l < q0 Jr e and Izel < ~0 Jr e}, 
where x = (zx, z2, zs, z4, zb, ze) and 0 < • << 1. Therefore, I(x) = 1, i f x  E Do and 
I(z) = 0 otherwise. 
Denote by Uo the class of all feedback strategies 6 = {6(x), x e H e } such that 6 : H e ---, H is 
a measurable function and [6(x)[ _< 60 for all x E R e where 60 is a given positive number. 
Let 6 E U0. Then, [2], Equations (17)-(22) determine a family of stochastic processes 
~ {~(t )  = (~l(t) ,  6 6 6 ~ 6 0}, x E H e, and an associate family = ~2(t),¢~'3(t), ¢.~4(0, Cb(0 ,Ce(0) ,  t > 
of probability measures {P~,x e R e } on f] = C([0, co), Re), such that p=6 is the solution to the 
Martingale problem for L(6), where 
0V(x) 
L(6)V(x) = Z(x)x4cosxs az---'-7 
aV(x) 
Jr I(X)X4 sin zs  Oz2 
JrI(x)X41[ Q'(x2'x4)(CL~xeJrCLe6(x))m -- g COS Z3 ] 0V(X)0z.q 
I(x)[Q(x',z4)(CD__~+KC~ox~) ] 0V(x) 
- Jr g sin z.q 0z4 (24) 
_~,Ov(x) Jr/(x)g-l~(x2, x4)Xref[Cma¢6 Jr Crn66(x) Jr 0.bXrefCmq x5 x 4 J 
1 e ~O~V(x) 
+ "~ ~ ~ Ox------'~ ' for any V ~ Cg'(Re). 
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Denote by r(x; 6) the first exit time of ~=6 from Do and define the following class of adra~sible 
feedback sfrafegies: 
:=  e Vo : sup 6) < oo , U (25) 
t .  x6Do $ 
where E~ denotes the expectation operator with respect o P~. 
Let ODo denote the boundary of Do and define the following function G : aD0 --* R by 
1 if x E ODo and zl = Ro 
0, on most of the rest of aDo (26) 
G(x) := in such a manner that 
G : ODo ---* R is continuous. 
The problem dealt with in this work is: Find a feedback strategy 6* E U such that 
E~'G((~*(r(x; 6*))) > E~G((~(r(x; 6))) (27) 
for any 6 E U and all x E Do. 
In addition, the functional V(x; 6), 
V(x; 6) = E~G((~(r(x; 6))), x E/)0, 6 E U, (28) 
will be computed for a given bang-bang type feedback strategy 6B. 
4. COMPUTATION OF V(.; 6) 
Let D denote the class of all functions V : R 6 --, R such that V is continuous on /~o, twice 
continuously differentiable on Do, and such that L(6)V E L2(Do) for any 6 E U. 
By following the same procedure as in Theorem 4.1 of [3] it can be shown that V(.; 6*) can be 
computed by solving the following problem: 
L(6)V(x) = 0, x E Do, (29) 
V(x) = G(x), x E ODo, (30) 
where 6 is given by: 
and 
B0(x) = 
6°(x) = 60 sign (Bo(x)), x E Do, (31) 
cL, (or(x) OV(x)h x,,fc ,Ov(x) 
mz4 ~, 0zs ~ ] + - - -7-- -  0t----~' x E Do. (32) 
Note that 6, given by Equations (31) and (32), is obtained by 
6°(x) = argmax L(6)V(x), x E O0. (33) 
i6(=)1_<6o 
Assume that Equations (29)-(32) have a solution denoted here by (6 °, V(.; 60)) which satisfies 
60 E U and V(.; 6 °) E D, then it can be shown using the same methods as in [3], that 60 = 6* 
and 
V(x; 6 °) = E:°G((~°(v(x; 60))) > E~G((~(r(x; 6))) (34) 
for any 6 E U and all x E Do. 
In this work, the following simple feedback bang-bang strategy 6B, has also been used: 
ZD - -  X2 1 6S(x) = --60 sign xa -- arctan R-- ' -~- XlJ ' x E Do. (35) 
Assume that Equations (29) and (30), where 6 = 6B, have a solution denoted here by V(.; 6B). 
If 6B E U and V(.; 6B) E ~D, then, by using the same method as in Lemma 4.1 of [3], it can be 
shown that 
V(x; 6s) = E~'a((~B(r(x; 68))), x E Do. (36) 
In the next section the computation of V(.; 6 °) and V(.; 6B) is discussed and a numerical study 
is conducted. 
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Table 1. The values of R°(Re - ~1 ), zorn, x°rn, zorn, zorn and zorn as functions 
of Re - zs for the case: hs = 45, h2 = 25, ha = Ir/20, h4 = 32, h5 = qo/4 and 
he = ~o/4. In this case N(Doh) = 3222180 and R°a = 140.565. 
no-z~ zg. zo  zorn zorn zom ~(Re-z , )  
900 25 0.0 298 0.0 0.0 12.030 
810 25 0.0 298 0.0 0.0 8.736 
720 25 0.0 298 0.0 0.0 6.277 
630 25 0.0 298 0.0 0.0 4.441 
540 25 0.0 298 0.0 0.0 3.0?4 
450 25 0.0 298 0.0 0.0 2.059 
360 25 0.0 298 0.0 0.0 1.309 
270 25 0.0 298 0.0 0.0 0.760 
180 25 0.0 298 0.0 0.0 0.369 
90 25 0.0 298 0.0 0.0 0.114 
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TaUe 2. The ~. .  of n~(Re - z~), z,.,~ z~., z,~, C .  and ~g. .  functions 
of Re-v l  for the case: hi -- 45, h2 = 25, ha = Ir/20, h4 - 32, hs = qo/4and 
he = ao/4.  In this case N(Doh) = 3222180 and R~ = 275.354. 
900 25 0.0 266 0.0 0.0 345.166 
810 25 0.0 266 0.0 0.0 166.965 
720 25 0.0 266 0.0 0.0 83.734 
630 25 0.0 266 0.0 0.0 42.920 
540 25 0.0 266 0.0 0.0 22.157 
450 25 0.0 266 0.0 0.0 11.350 
360 25 0.0 266 0.0 0.0 5.661 
270 25 0.0 266 0.0 0.0 2.656 
180 25 0.0 266 0.0 0.0 1.082 
90 25 0.0 266 -h5  0.0 0.295 
5. A NUMERICAL STUDY AND CONCLUSIONS 
Denote by H 6 the following finite-difference grid on Re: 
R 6 := {(itht, i2h2, isha,. . . , i6h6) : i z , i2 , . . . , i6=O,: i : l , - t '2 , . . .} ,  (37) 
Define Doh :-" Do N fl~ and let 
I t ifx E OD0 NR~ andxz =Ro, 
Gh(x) := 1+l=2-zol' (38) 
0, on the rest of 0D0 N H 6. 
Here, hi is chosen in such a manner that i lmht = Ro for some positive integer ira1. 
Equations (29)-(32), or Equations (29), (30) and (35), have here been solved using a finite- 
difference scheme on R~ similar to that described in [4]. In both cases the function G has been 
replaced by Gh in Equation (30). 
Denote by Vh(.; 6 °) and Vh(.; 6B) the solutions to the finite-difference equations corresponding 
to Equations (29)-(32) or (29), (30) and (35), respectively. 
The random variable 1(~2(r(x; 6)) - zD[(o~) for the set of ~ E n, such that 
¢;(~(x; 6))(~) ~ ado n {x: xl = ~0} 
represents he miss-distance of the projectile from the point (Ro, ZD). Hence, 
V(x; 6) ' = E~G(Q(r(x; 6))), x E Do, 6 E U, (39) 
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Tz, ble 3. The vMues of/#h (Ro - xz), =° m, x°sm, z°m, X°m and =° m as f,anctlom 
of P,o - ~1 for the case: hi = 45, h2 = 25, hs = lr/20, h4 = 32, he = qo/6 and 
he = so/6. In this case N(Doh) = 6722820 and ~ = 77.913. 
900 25 0.0 298 0.0 he 3.571 
810 25 0.0 298 0.0 he 2.840 
720 25 0.0 298 0.0 he 2.226 
630 25 0.0 298 0.0 he 1.710 
540 25 0.0 298 0.0 he 1.277 
450 25 0.0 298 0.0 he 0.918 
360 25 0.0 298 0.0 he 0.621 
270 25 0.0 298 0.0 he 0.381 
180 25 0.0 298 0.0 he 0.195 
90 25 0.0 298 0.0 he 0.064 
Table 4. The values of R~(Ro - xl),  z~m, =3Bin, ~ ,n ,  x~m and x~m as functions 
of Pe -x ;  for the case: hi = 45, h2 = 25, h3 = ~r/20, hi = 32, he = qo/6and 
he = so/6.  In this case N(Doh) = 6722820 and R~ = 176.855. 
900 25 0.0 298 --hb --he 
810 25 0.0 298 -h5  -he  
720 25 0.0 298 -h~ -he  
630 25 0.0 298 -he  -he  
540 25 0.0 266 -he  -he  
450 25 0.0 266 -h5  -he  
360 25 0.0 266 -As -he  
270 25 0.0 266 -he  -he  
180 25 0.0 266 -h5  -he  
90 25 0.0 266 -he  -he  
n~(no - =1) 
57.261 
35.181 
21.578 
13.142 
7.877 
4.591 
2.563 
1.319 
0.573 
0.161 
is (due to (26)) a function of the miss-distance of the projectile from (R0, zz)). For each x E Do, 
we define the apparent miss-distance R(x; 6) of the projectile from (Ro, zo) by 
i 
V(x; 6) . -  1 + n(x; 6)' x 6 Do, 6 • U. (40) 
Hence, max{V(x; 6) : 6(x), 6 E U, x E Do} is equivalent to 
min{R(x; 6) : 6(x), 6eU,  xeD0}.  
Now, define 
Vh(x; 6 °) 
:= N(Oo )' 
xE Doh 
Vh(x; 6B) 
PBo 
N(Ooh) ' xE D o~ 
1 
1 1, RaB := PBa Ro := po-=- 
Po(zt) := max Vh(x; 60), 
(~,, za, x4, z~, ~s) 
xEDoj 
1 
Rh°(xl) := Po(xl) 1, 
( 1)) 
that is P0(zl) "- 1 + R0(Zl ' 
(41) 
(42) 
(43) 
(44) 
(45) 
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( ,g  ,o  ,o  ,o  := 
(=~, zs,  z4, zs, xs) 
xEDoa 
PB(Zl) :-- max Vh(x; /~B), 
(:2, =s, =+, =a, :re) 
x~Do~ 
I 
~(~1)  : -  e~(~l) 1, 
arg max Vh(x; 6o), (46) 
(47) 
1 ) (48) that is PB(zl)  - 1 + t~{x l )  ' 
arg max V~(x; ~n), (49) 
xEDo~ 
where N(Doh) denotes the number of points in Doh. Note that z°,n - z°m(zl) and z~, n - z~m(zl ), 
i -  2,3,. . .  ,6. 
Hence, R°(Zl) and R~(z l )  are apparent miss-distances of the projectile from (Ro, zD). 
Computations were carried out using the following set of parameters: 
7r 
Ro = 900, H0 = 450, Vl = 10, v2 - 330, zD = h2,70 - ~-~, q0 -- 1, 
a0 - 0.06, ~0 = ~-'~, ~2 _ ~2 __ 1, ~r 2 -- ~2 = ~2 __ and ~r 2 = 0.01. 
Some of the results are presented in Tables 1-6. 
Table 5. The  values of R°h(Re - z , ) ,  z0m, z°  3m' z°m,  z°m and zoom as funct ions 
of Re - ~1 for the c~e:  hi = 45, h2 ffi 25, h3 = Ir/20, h4 = 32, h~ = qo/8 and 
he = ao /8 .  In  this case N(Doh)  = 11496420 and ~ = 61.198. 
900 25 0.0 298 0.0 he 2.379 
810 25 0.0 298 0.0 he 1.955 
720 25 0.0 298 0.0 he 1.578 
630 25 0.0 298 0.0 he 1.251 
540 25 0.0 298 0.0 he 0.961 
450 25 0.0 298 0.0 he 0.713 
360 25 0.0 298 0.0 he 0.498 
270 25 0.0 298 0.0 he 0.312 
180 25 0.0 298 0.0 he 0.164 
90 25 0.0 298 0.0 he 0.057 
T.~. e. The ~. .  of R~ (no - z~), #m, #m, #m, #.  and #m " function. 
of Re - z l  for the case: hi -- 45, h2 ffi 25, h3 = lr/20, h4 -- 32, hs -- qo/8 and 
he ffi ao /8 .  In this case N(Doh) = 11496420 and R~ -- 134.773. 
P..o - ~1 
9OO 
810 
720 
63O 
540 
45O 
36O 
2?0 
180 
9O 
25 0.0 298 -h5  -he  
25 0.0 298 - hs  - he 
25 0.0 298 -ha  -he  
25 0.0 298 -h5  -he  
25 0.0 266 -h5  -he  
25 0.0 266 - h5 - he 
25 0.0 266 -h5  -he  
25 0.0 266 -h~ -he  
25 0.0 266 -h5  -he  
25 0.0 266 -h5  -he  
R~ (no - x l)  
23.755 
15.871 
10.534 
6.910 
4.439 
2.751 
1.620 
0.871 
0.392 
0.114 
In order to get further insight into the problem, a simulation study of Equations (10)-(15) 
for the case ~ - 0, i = 1, . . .  ,6 has been carried on. In this study the following set of values 
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for zi(0), i = 1, . . .  ,6, and Ro has been used: zz(0) = 0; z2(0) = 20 + 200i, i = 0, 1 ,2 , . . . ,  14; 
z3(0) -- 0; z4(0) -- 15j, j -- 1 , . . . ,21;  zs(0) -- 0; zs(0) ---- 0, and Ro -- 500k, k - 1 ,2 , . . . ,5 .  
This set includes 1890 elements (zl(0), z2(0), x3(0), z4(0), zs(0), ze(0), Ro). Two guidance 
laws were used during the simulation study, that is, diB given by Equation (35), and a saturated 
proportional navigation guidance law dip given by 
{ di0, if Bp(x)  > di0, dip(X) = Bp(x),  if IJ~p(x)[ < dio, 
-diD, if Bp(x)  < -dio, 
(50) 
where 
Ax4 [ 
Bp(x)  = -Tr-L - (R0 - x l )  sin x~ + (zD - ~2) cos ~3] (51) 
and 
r 2 = (R0 - z l )  2 + (zD - z2) 2. (52) 
In this simulation study, a hit was recorded if the projectile ntered the set T, Equation (16), 
with r0 = 4. Denote by N the number of simulation runs, by NK the number of hits, and by TK 
the average flight time in a case of a hit, that is, 
1 
TK = ~K { the sum of all flight times in cases where there was a hit}. (53) 
Also, denote by M, the average miss-distance of all the runs. 
Thus, the following results have been obtained for N = 1890: 
A NK TK Ms 
6B 654 16.831 839.243 
6p 4 367 16.810 
6p 7 497 17.137 
6p 9 542 17.114 
6p II 569 17.074 
6p 13 583 17.044 
5p 20 616 16.970 
6p 40 644 16.864 
6p 60 649 16.893 
6p 80 652 16.886 
6p 120 655 16.871 
6p 240 654 16.886 838.915 
Comparison of the values of R ° in Tables 1, 3 and 5 and the comparison of the values of R~ in 
Tables 2, 4 and 6 indicate that in order to obtain better results in the computation of Vh(.; 6 °) 
and Vh(.; 6B), a finer resolution (that is, more grid points) is needed along the z5 and x6 axes 
(that is along the q and a axes) than the one used here. 
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